Amorphous packings of spheres have been intensely investigated in order to understand the mechanical and flow behaviour of dense granular matter, and to explore universal aspects of the transition from fluid to structurally arrested or jammed states. Considerable attention has recently been focussed on anisotropic packings of frictional grains generated by shear deformation leading to shear jamming , which occurs below the jamming density for isotropic packings of frictionless grains. With the aim of disentangling the role of shear deformation induced structures and friction in generating shear jamming, we study sheared assemblies of frictionless spheres computationally, over a wide range of densities, extending far below the isotropic jamming point. We demonstrate the emergence of a variety of geometric features characteristic of jammed packings with the increase of shear strain. The average contact number and the distributions of contact forces suggest the presence of a threshold density, well below the isotropic jamming point, above which a qualitative change occurs in the jamming behaviour of sheared configurations. We show that above this threshold density, friction stabilizes the sheared configurations we generate. Our results thus reveal the emergence of geometric features characteristic of jammed states as a result of shear deformation alone, while friction is instrumental in stabilising packings over a range of densities below the isotropic jamming point.
remains very small) and the average number of contacts Z reach stable values. Further details concerning the simulations and analysis are presented in Methods and Supplementary
Information (SI).
We monitor the evolution of the structure under shear by considering the pair correlation function g(r), the distribution of the number of contacts each sphere has, and the free volume distribution, each of which exhibit unique signatures near the jamming point for frictionless sphere packings: The pair correlation function exhibits a near-contact power law singularity g(r) ∼ ( r σ − 1) −γ and singularities in the (split) second peak [17, 18] . The contact number distribution, which we compute with and without considering rattlers (rattlers are spheres with fewer than 4 contact neighbors), is peaked at Z = 6, the value required by the isostaticity condition. The free volumes of individual spheres are computed using an exact algorithm that employs the Voronoi tessellation, and the free volume distribution exhibits a distinct power law tail for nearly jammed packings, as described [19] and references therein. This feature of the free volume distribution has also been observed for sheared configurations in two and three dimensions at high densities close to the jamming point [20] .
In Fig. 1 , we show how these features evolve, for sheared configurations at different values of strain for packing fraction φ = 0.58. It is seen that the g(r) develops a near contact power law [17, 18] , initially absent, as shear strain is increased ( Fig. 1(a) ), and the splitsecond peak develops the characteristic twin singularities ( Fig. 1(b) ) [18] . The peak of the distribution of contact numbers, initially at zero, evolves to larger values. Finally, the free volume distribution, initially exhibiting a form typical of the fluid, develops a power law tail characteristic of nearly jammed packings [19] . Thus, sheared fluid configurations at φ = 0.58 develop, by all these measures, characteristics of jammed configurations. Fig. 2 shows the same quantities in the steady state, for the range of densities studied, demonstrating the same behaviour at all densities. While the near contact power law in the g(r) is very similar in all cases, the sub-peak at smaller r in the second peak, as may be expected from packing considerations, becomes sharper as density increases. The average number of contacts moves from values less than 4 towards 6 as density increases. Table I summarises information on contact numbers. The exponent in the free volume distribution changes slightly with density, as does the exponent describing the near contact in g(r). Although these variations require explanation, the main point is clear: with an increase of shear strain, initially fluid configurations over a broad range of densities evolve structures that bear strong resemblance to jammed configurations.
We consider next the statistics of the number of contacts and the distribution of forces between spheres. In Fig. 3 (a), we show the parametric relationship between the mean contact number and the density that we have of our sheared configurations of frictionless spheres. The mean contact number decreases from a 6 at the isotropic frictionless jamming density of ∼ .64, to a value of 4 at a density ∼ 0.55. Interestingly, the relationship displayed by our data closely matches those of [7, 8] , for frictional jammed packings. The presence of a threshold density of 0.55 is further supported by the distribution of contact forces normalised to their mean value, P (f ), shown in Fig. 3 [14] . The last of these, random loose packing, however, is a feature of frictional packings, and we have so far dealt with frictionless packings. An appealing picture, which we explore below, is that shear deformation, even in the absence of friction, serves to induce structures [27] at densities above 0.55, and considerably below φ J , which may be stabilised by friction, when present, to produce shear jammed packings.
Before we consider the role of friction, we consider the jamming properties of the sheared frictionless packings themselves, by applying the Lubachevsky-Stillinger [24] jamming procedure (see Methods) for a range of compression rates to the configurations generated at different densities. For slow compression rates, for all initial densities, the resulting jammed configurations have densities close to φ = 0.64, as seen in Fig. 3 (c) . However, at high compression rates, we note a difference in behaviour across φ ∼ 0.58. At higher initial densities, configurations jam at roughly the same density, while at lower initial densities, the jammed densities are higher. The possibility of generating jammed configurations above a density of 0.58, albeit at high compression rates, appears related to the percolation of locally stable structures. In Fig. 3 (d) we show the percolation probability of spheres with contact number Z ≥ 2D = 6, for different system sizes N = 256, 2000, 5000. The connected clusters of such spheres percolations at ∼ 0.58. The suggested possibility of 0.58 being a threshold that is distinct from that at density 0.55, and the analysis of other percolation characteristics that may elucidate the limiting density of 0.55 suggested by other results above, deserve further analysis but are not pursued further here. Percolation of D + 1 coordinated spheres occurs at a much lower density, data for which is shown in the SI for completeness.
In order to assess whether sheared frictionless spheres can jam in the presence of friction, we perform simulations including frictional contact forces using the discrete element method (DEM). We subject the steady state sheared configurations to a strain step (dγ = 5 × 10 −5 ) in addition to slight compression (see Methods and SI), and evolve them using DEM, varying the friction coefficient µ and the damping coefficients ζ n and ζ t (see Methods and SI), and monitor the evolution of the structure. We initially choose damping coefficients ζ n = ζ t = 0.
Although the spheres do not move significantly during any of these simulations (with mean squared displacements less than 10 −4 ), for small enough friction coefficients at any density, the shear stress and the average contact number decay rapidly to zero indicating that the structure is unjammed (see SI). The threshold friction coefficient is identified at each density beyond which the sheared configurations remain jammed. For densities above φ = 0.58, sheared configurations remain jammed, while below, the configurations unjam for the studied range of friction coefficients. is identical to the sheared steady state configurations in the range of densities where we obtain shear jamming. As an independent test, to be described elsewhere, we solve the force balance equations for the steady state configurations using the DEM generated forces as initial guesses, to obtain forces needed for force balance from geometric information alone.
Although many questions are suggested from the results above that must be investigated further, they show that shear deformation of spheres even in the absence of friction at densities well below the isotropic jamming point leads to the emergence of geometric features resembling jammed packings, with a threshold density that may be identified with the random loose packing limit that may be identified with the case of infinite friction. The force distributions and the relationship between the packing fraction and contact number in the steady state support the comparison of the sheared configurations above the threshold density with frictional jammed packings with varying friction. Our results thus serve to disentangle the role of structure formation under shear and friction in the generation of shear jamming phenomenology. They also identify the lower limit of shear jamming with random loose packing. Whether the same kind of structure formation can arise in isotropic compression [12] rather than shear, analysis of the anisotropies in sheared structures, and the role of finite shear rates present some obvious questions to pursue in future work.
Methods:
The model system we study is composed We use a cut-off of ∼ 10 −5 , which is the distance at which g(r) deviates from the power law, to define contact neighbours in order to compute the contact number Z. This cut-off is a precision limit that is dependent on the strain step used in AQS, as we show in SI by considering various dγ down to 5 × 10 −12 . In order to have a consistent definition of contact, we compress configurations by rescaling the diameter of the spheres (by ∼ 10
when dγ = 5 × 10 −5 and ∼ 10 −12 when dγ = 5 × 10 −12 etc.) so that all neighbor pairs identified as contact neighbors have finite contact forces. Since this equivalence becomes more exact for smaller strain steps, we consider steady state configurations with strain step dγ = 5 × 10 −12 when evaluating forces between contact neighbours ( Fig. 3(b) ). The data for frictional simulations (Fig. 4) is for dγ = 5 × 10 −5 . Data shown in the SI validate in detail the procedure we adopt.
In order to generate jammed configurations using the LS procedure, the small overlaps in the sheared configurations are removed by decreasing the diameter by a small amount (∼ 10 −9 ) which is then increased to unity through the LS protocol with a fast compression rate of 0.1, involving negligible displacements of spheres (∼ 10 −16 ). We use the steady state configurations to calculate free volumes of the particles using the algorithm described in [19] .
To test the stability of steady state sheared structures in presence of friction, we use discrete element method (DEM) [30] to model contact interactions between particles through a repulsive linear spring-dasphpot model. The model, described further in SI, involves normal and tangential spring constants κ n , κ t , damping coefficients ζ n , ζ t = 1 2 ζ n , and the friction coefficient µ as parameters. The model parameters used are κ n = κ t = 2 and the normal contact damping ζ n = 0, 3, 30. At each contact, the Coulomb yield criterion is obeyed i.e, F t ≤ µF n , where µ is the friction coefficient which is initially varied from .01 to 100 in multiple of 10 in order to bracket the threshold value beyond which configurations are jammed. Threshold µ values are refined further by considering a finer grid of values.
Configurations identified as jammed display a finite shear modulus, which we illustrate in one case in the SI.
Anisotropy of initial and jammed structures for isotropic and sheared steady state initial conditions is calculated, using the fabric tensor, defined aŝ
where r ij are distance vectors between contact neighbors. The normalized difference between the largest eigen value C 1 to the smallest 
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Here we present additional information regarding three aspects of our analysis of sheared sphere configurations, namely: (i) Approach to the steady state, (ii) Evaluation of the contact number, and (iii) Determination of the lower limit of shear jamming in the presence of friction.
I. APPROACH TO THE STEADY STATE
The analysis we present is performed for steady state configurations. Whether the simulated system has reached steady state or not is assessed by monitoring various structural and dynamic quantities, which show behavior consistent with the average contact number and the shear stress. Because the stresses are negligible for energy minimum configurations, we calculate stresses for configurations before minimization in the AQS protocol. The average contact number (whose evaluation is discussed next) and shear stress reach steady state values beyond strain values that depend on the density (Fig. 5) . 
II. EVALUATION OF THE CONTACT NUMBER Z
In our analysis, we determine the contact number geometrically in the first instance, from the pair correlation function g(r). As seen in Fig. 6(a) , the pair correlation function exhibits a deviation from the power law form at small distances (below r − σ = 10 −5 ). We identify the contact neighbors as those at distances r − σ < tol where tol is the value where the near contact g(r) deviates from the power law behavior. We attribute the fact that these contact distances are not exactly equal to σ to the finite precision of the procedure used to generate the configurations. With that premise, the use of a tolerance tol is a reasonable procedure to identify contact neighbors, but such neighbors will not necessarily be in contact, i. e.
exert a finite force on each other. This limitation can be overcome by compressing the sphere together such that all spheres within σ + tol come in to contact with each other.
We use such a procedure in our work when evaluating forces and in performing frictional simulations. Here, we validate these procedures. In order to do so, we first show that the deviation from the power law occurs for distance values that depend systematically on the precision of the numerical procedure used. In the case of the athermal quasistatic procedure we use, the limit to precision arises from the finite strain steps dγ used. We next show that in the limit of vanishing dγ, the average number of contacts, defined as pairs of spheres exerting forces on each other, becomes equal to the average number of geometric neighbors we identify from the g(r).
We generate steady state sheared configurations for different values of the strain step dγ, by starting from the steady state configurations with dγ = 5 × 10 −5 , and progressively decreasing dγ, and obtaining the corresponding steady state configurations. As shown from In the limit of dγ → 0, the plateau in Z(r) extends to r = σ, indicating that the unique contact number in that limit is reliably obtained by considering the plateau value when performing finite dγ shearing.
III. LOWER LIMIT FOR SHEARING JAMMING IN THE PRESENCE OF FRIC-TION
Here, we provide details of these procedures we use to identify the lowest friction coefficient for which sheared steady state configurtions jam, and thereby, how we identify the lower density limit to frictional jamming.
We used the discrete element method to simulate frictional interactions between the spheres. A linear-spring dashpot model is used with forces between particles in contact given by
The first term in the normal force between the two particles and the second term is the tangential force. κ n and κ t is the elastic constant for normal and tangential displacements.
ζ n and ζ t are damping constants for the normal and tangential contacts. m ef f is the effective mass of the spheres. ∆s t is the tangential displacement vector between two spheres from the contact point. n ij is the unit vector along the line connecting the centers of the two particles and δ n ij is the normal displacement of the spheres (towards each other) from the contact position. v n and v t are the normal and tangential components of the relative velocity of the two particles. The maximum value of the tangential force F t follows the Coulomb criterion, F t ≤ µF n , where F n is the normal force, and µ is the friction coefficient. We also include solvent friction in some cases, through a frictional force term
The input parameters used in our analysis is κ n = κ t = 2, ζ n = 0, 3, 30 and ζ t = 1 2 ζ n .
We use sheared steady state structures, compressed by tol to form all the contacts that are counted (see previous section) and strained by a variable step ∆γ, as initial configurations.
Stability of the sheared structures are tested by applying strain steps ∆γ in the range 0-10
and allowing the system to relax. By varying the friction coefficient, we identify, for each density, the friction coefficients for which the initial structure remains stable. Fig. 7 shows that for φ = 0.627, the packings have finite stress and contact number after applying a strain step of ∆γ = 5 * 10 −5 for a range of friction coefficients. The decay or otherwise of the shear stress, and the contact number provide clear and consistent criteria for judging whether the sytem remains jammed for a given friction coefficient µ. For φ = 0.58, shown in Fig. 8 , the stresses and contact numbers decay to zero for all the friction coefficients studied, and thus in this range of µ, the system does not jam. It appears that the limit value in density for any friction coefficient will also depend on other parameters, namely the damping coefficients. Fig. 9 shows the same data for φ = 0.58, but for a damping coefficient of ζ n = 3, which indeed shows that for finite damping, the system is jammed above a threshold friction coefficient.
In Fig. 10 , we show the percolation of spheres with D +1 contacts, such that the contacts are not all in the same half space with respect to the central sphere, for different system sizes. It is seen that the percolation transition occurs at density φ = 0.53. This threshold is a little lower than φ = 0.55 where we see other indications of a change in behavior, and its significance remains to be understood better.
Finally, we consider the stress the jammed stuctures should experience at the end of the relaxation. For jammed configurations, one should expect a linear stress-strain dependence, resulting in a finite shear modulus from the slope of the stress-strain curve. However, since the frictional dynamics is initiated after a compression that is determined by the strain step dγ, the jammed packings exhibit an initial stress value that is independent of the strain ∆γ. To demostrate that this is an artefact of finite precision, we consider steady state configurations obtained with different dγ, and consider the final stress-strain curves vs. ∆γ.
We see, in Fig. 11 , that as ∆γ exceeds dγ, we obtain a linear stress-strain relation, from which a modulus may be extracted. friction coefficient, the shear stress relaxed to zero indicating that the structure is jammed, whereas the stress remains finite for large friction coefficients indicating that the structure is jammed.
Similarly, the contact number decays to zero for structures that are not stable, while remaining close to the initial value for jammed structures. compressed by an amount tol that depends on dγ to include all the contacts before the strain ∆γ is applied. For ∆γ > tol, the shear stress is proportional to strain as expected for an elastic solid.
